
Abstract

A new parallel and multiscale computational strategy for the analyze of heterogeneous

structures has been proposed recently. This strategy includes automatic homogeniza-

tion in space and time, with no periodicity condition and no condition on the scale

ranges. It involves the resolution of a set of micro problems and a macro problem. In

this paper, a new approximation for the resolution of micro problems is presented and

applied to the multiscale strategy. The efficiency of the approach is examplified on a

3D test case.

Keywords: domain decomposition, time and space multiscale, LATIN, parallel com-

puting.

1 Introduction

The behavior of large structures often results from complex phenomena taking place at

a fine scale, with small length of variations both in space and time. For instance local

cracking or local buckling have a global effect on large structures [1, 2, 15, 14, 19].

In order to predict the behavior of such structures, sophisticated models have been

developed to describe the material at a very fine scale compared to the scale of the

structure. Corresponding numerical simulations require the use of fine discretizations

over both space and time domains, which often leads to systems with a very large

number of degrees of freedom whose calculation cost is generally prohibitive.

Recently, a new multiscale computational strategy has been proposed for the anal-

ysis of such problems [11, 17, 16]. This strategy is based on the LArge Time IN-

crement method (LATIN method [18]), which enables one to work globally over the

time-space domain. It can be seen as a parallel mixed domain decomposition strategy

in space, including automatic space and time homogenization, and for which no pe-
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riodicity condition is needed, in opposition with standard homogenization techniques

[3, 4, 5, 6, 7].

The first idea consists in splitting the structure into substructures and interfaces,

and dividing the studied time interval into subintervals. Interface fields are separated

into a macro part and a micro complement. Thanks to the Saint-Venant’s principle, an

adapted choice of macro quantities, combined with the resolution of a global macro

problem, ensures that micro quantities have only local effects. This choice provides to

the method the numerical scalability with respect to space variables. A technique to

extend this property to time aspects is in progress. The second idea consists in using

an iterative technique involving the resolution of a set of independant problems on

the refined “micro” scale and the resolution of a few problems on the homogenized

“macro” scale. A new approximation technique for the resolution of micro problems

is presented. It leads to drastic saving in terms of computation cost.

A 3D numerical example, with (visco)plastic material and unilateral contact with

friction is provided to show the performances of the strategy combined with the new

approximation technique, and to highlight the parallel properties.

2 The reference problem

In this Section, a brief review of the main aspects of the multiscale computational

strategy is presented. Further details can be found in [18, 17, 16].

2.1 Description of the problem

Under the assumption of small perturbations, let us consider the quasi-static and

isothermal evolution of a structure defined in the time-space domain [0, T ] × Ω. This

structure is subjected to prescribed body forces f
d
, to traction forces F d over a part

∂2Ω of the boundary, and to prescribed displacements Ud over the complementary

part ∂1Ω (see Figure 1). The displacement, strains and stresses are subjected to initial

conditions at t = 0.

∂1Ω

∂2Ω

Ω

Fd

Ud

fd

Figure 1: The reference problem
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2.2 Constitutive relation model with internal state variables

σ designates the Cauchy stress field. εp the inelastic part of the strain field ε, is treated

independently of the other internal variables, which are denoted by X. The conjugate

variables of X is Y.

Introducing the following notations:

ep =

[

εp

−X

]

, e =

[

ε

0

]

and ee =

[

εe

X

]

and f =

[

σ

Y

]

(1)

the mechanical dissipation rate for the entire structure Ω is:

∫

Ω

(ėp ◦ f)dΩ =

∫

Ω

(ε̇p : σ − Ẋ · Y)dΩ (2)

From the free energy ρΨ(εe,X), under the usual uncoupling assumptions, one ob-

tains the “normal” formulation of the state equation [18]:

σ = ρ
∂ψ

∂εe

= Kεe and Y = ρ
∂ψ

∂X
= ΛX (3)

where the Hooke’s tensor K and the constant, symmetric and positive definite tensor

Λ are material characteristics. These equations can be rewritten in the form:

f = Aee with A =

[

K 0
0 Λ

]

(4)

where A is a constant, symmetric and positive definite operator.

The constitutive equation is given by the positive differential operator B, which is

considered to be derived from the dissipation pseudo-potential φ∗(σ,Y):

ėp =

[

∂σφ
∗

∂Yφ
∗

]

= B(f) with ep|t=0
= 0 (5)

2.3 Decomposition of the structure into substructures and inter-

faces

The structure is viewed as an assembly of simple components, i.e. substructures and

interfaces, each with its own variables and equations [18, 10] (see Figure 2).

Each substructure ΩE of Ω is subjected to the action of its neighboring interfaces,

described by a displacement distribution WE and a force distribution FE . Let ΦEE′

denote the interface between ΩE and ΩE′ . This interface is characterized by the restric-

tions to ΦEE′ of both the displacement field (WE,WE′) and the force field (FE, FE′),
denoted (WEE′ ,WE′E) and (FEE′ , FE′E) respectively. At Interface ΦEE′ , the action-

reaction principle:

FEE′ + FE′E = 0 (6)
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FE'

ΦEE'

FE

WE'

WE

ΩE

ΩE'

ΩE ΩE'ΦEE'

Figure 2: Decomposition of the structure into substructures and interfaces

holds, along with a constitutive relation of the form:

FEE′|t = bEE′

(

[

ẆEE′ − ẆE′E

]

|τ
, τ 6 t

)

(7)

where bEE′ is an operator characterizing the behavior of the interface, of which the

boundary conditions on ∂1Ω and ∂2Ω are particular cases. Example of such operator

can be found in [11, 16].

2.4 Admissibility conditions for Substructure ΩE

The following spaces are introduced. Notation �? is used for the corresponding vector

space.

• The kinematic admissibility of displacement field set (UE,WE):

(UE,WE) ∈ UE ⇐⇒ UE |∂ΩE
= WE and UE |t=0 = UE0 (8)

• The static admissibility of stress field σE:

fE = [σE YE]T ∈ FE ⇐⇒

∀(U?
E,W

?
E) ∈ U?

E, −

∫

[0,T ]×ΩE

σE : ε(U̇
?

E)dΩdt

+

∫

[0,T ]×ΩE

f
d
· U̇

?

EdΩdt+

∫

[0,T ]×∂ΩE

FE · Ẇ
?

EdSdt = 0 (9)

• The kinematic admissibility of the strain rate field ε̇E:

eE = [ε̇E − ẊE]T ∈ EE ⇐⇒ ∀(f?
E, F

?
E) ∈ F

?
E,

−

∫

[0,T ]×ΩE

σ
?
E : ε̇EdΩdt+

∫

[0,T ]∂ΩE

F ?
E · ẆEdSdt = 0 (10)
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Finally, we denote by AdE the space of the set of “E-admissible” variables sE =
(ėpE, ẆE, fE, FE) which verify:

(A−1
ḟE + ėpE) ∈ EE and fE ∈ FE (11)

2.5 Formulation of the reference problem

Then the decomposed reference problem, defined over the entire time-space domain

[0, T ] × Ω, can be formulated as follows:

Find sref = (sE)ΩE⊂Ω which verifies, ∀ΩE ⊂ Ω,

• the E-admissibility condition sE ∈ AdE

• the evolution law ėpE = B(fE) with epE |t=0
= 0

• the interface behavior ∀ΩE′ ∈ ΩE, FEE′ + FE′E = 0 and

FEE′|t = bEE′

(

[

ẆEE′ − ẆE′E

]

|τ
, τ 6 t

)

(12)

3 Multiscale description in the time-space domain

3.1 A two-scale description of the unknowns

The approach consists in introducing a two-scale description of the unknowns: these

two scales are denoted “macro” (�M ) and “micro” (�m) and concern both space and

time. The distinction between the macrolevel and the microlevel is made only at the

interfaces.

Spaces WM
E and FM

E of macro quantities can be chosen arbitrarily. Once these

spaces have been chosen, the macro part Ẇ
M

E of Field ẆE ∈ WE is defined by

the best approximation in the sense of the work’s bilinear form [16]. And then the

micro complements are Ẇ
m

E = ẆE − Ẇ
M

E and Fm
E = FE − FM

E , and the scales are

uncoupled as follows:
∫

[0,T ]×∂ΩE

ẆE · FEdSdt =

∫

[0,T ]×∂ΩE

(Ẇ
M

E · FM
E + Ẇ

m

E · Fm
E )dSdt (13)

For space, the macroscale is defined by the characteristic length of the interfaces.

Classically, the macro parts are defined as affine functions on each interface ΦEE′ . For

time, the macroscale is associated with a coarse partition T M
h = {0 = tM0 , . . . , t

M
nM =

T} of the time interval [0, T ] being studied. Classically, the macro parts are defined as

polynomials of degree p in each macro interval IM
k =]tMk , t

M
k+1[. Let us note that the

choice of functions which are possibly discontinuous implies that one should consider

all the equations in the time-discontinuous Galerkin scheme sense [8].

The choices adopted for the definition of the macro quantities are physically sound:

these quantities are mean values in time and in space.
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3.2 Admissibility of the macro quantities

An important point of the multiscale computational strategy is the choice of the ad-

missibility conditions for the macro quantities. The set of the macro forces FM =
(FM

E )ΩE⊂Ω is required, a priori, to verify the transmission conditions systematically,

including the boundary conditions. The corresponding subspace of FM is designated

by FM
ad. The subspace of F whose elements have their macro parts in FM

ad is desig-

nated by Fad.

4 The multiscale computational strategy

4.1 The engine of the strategy

The a priori partial verification of the transmission conditions at the interfaces leads

to the following reformulation of the reference problem: find sref = (sE)ΩE⊂Ω which

verifies, ∀ΩE ⊂ Ω,

Ad

∥

∥

∥

∥

(a) the E-admissibility condition sE ∈ AdE

(b) the admissibility of the macro forces

Γ

∥

∥

∥

∥

(c) the state evolution law

(d) the interface behavior

(14)

The engine of the strategy is the LATIN method [18], a general computational strategy

for time dependent non linear problems with the particularity to be an iterative strategy

which operates globally over the space-time domain (see for example an application

to discrete media [13]). The first principle of the LATIN method consists in dealing

with the difficulties separately by dividing the solutions of the equations into two

independent subspaces: the space Ad of the solutions to the global linear equations

(14a) and (14b) and the space Γ of the solutions to the local nonlinear equations (14c)

and (14d).

To close this problem the LATIN proposes to introduce what we call the search

directions, and the corresponding iterative scheme which consists in building fields

of Γ and Ad alternatively. The exact solution trivially belongs to their intersection

sref = Ad ∩ Γ. The Figure 3 shows the geometrical interpretation of one iteration

made of two stages called the “local stage” and the “linear stage”.

4.2 The local stage at Iteration n+ 1

This stage consists in building ŝn+1/2 ∈ Γ knowing sn ∈ Ad and using the search

direction E
+, followed by ŝn+1/2 − sn = Ds (see Figure 3). This search direction is

local in space because the sought fields have no constraints. It is defined by:

{

DėpE + HDfE = 0

DẆE − hDFE = 0
(15)
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+
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^
sn+1/2

sn+1

sn

sref

Γ

Ad

E

E

(ep, W)

(f, F)

Figure 3: Iteration n+ 1 of the LATIN method

where H and h are symmetric, positive definite operators which are parameters of the

method. This stage leads to the resolution of a set of problems which are local—i.e.

on each point of the discretization—in the space and time variables, and therefore,

lend themselves to the highest degree of parallelism.

4.3 The linear stage at Iteration n+ 1

This stage consists in building sn+1 ∈ Ad knowing ŝn+1/2 ∈ Γ and using the search

direction E
−, followed by sn+1 − ŝn+1/2 = Ds (see Figure 3). The substructure part

of the search direction is defined by:

DėpE − HDfE = 0 (16)

Because of the admissibility of the macro forces, the boundary part of the search

direction can be redefined using a weak formulation, introducing a Lagrange multi-

plier
˙̃WM

E to guarantee the admissibility of the macro forces in a week sense:
˙̃WM

(
˙̃WM = ( ˙̃WM

E )ΩE⊂Ω ∈ WM?
ad ):

∀F ? ∈ F ,
∑

ΩE⊂Ω

{
∫

[0,T ]×∂ΩE

(DẆE + hDFE − ˙̃WM
E ) · F ?

EdSdt

}

= 0 (17)

and the admissibility of the macro forces is expressed by:

∀ ˙̃WM? ∈ WM?
ad ,

∑

ΩE⊂Ω

{
∫

[0,T ]×∂ΩE

˙̃WM?
E · (FE − F d) dSdt

}

= 0 (18)

The resolution of the linear stage can be divided into two parts. The resolution of

a set of micro problems defined over each time-space substructure [0, T ] × ΩE , and

the resolution of a global macro problem defined over the entire time-space domain

[0, T ] × Ω.
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4.3.1 The micro problems defined over each [0, T ] × ΩE and [0, T ] × ∂ΩE

Each micro problem associated with ΩE is a linear evolution equation:

Find (sE)ΩE⊂Ω which verifies, ∀ΩE ⊂ Ω,

• the E-admissibility condition sE ∈ AdE

• the search direction (16, 17)

(19)

Since (17) is local at Boundary ∂ΩE , the micro problems in the substructures are

independent of one another. Since H and h are positive definite operators, the micro

problem defined over [0, T ] × ΩE has a unique solution such that:

sE = s
(1)
E + s

(2)
E ( ˙̃WM

E ) (20)

where s
(1)
E depends on the additional loading and on the previous approximation of

the solution ŝE , and s
(2)
E depends linearly on

˙̃WM
E , which is unknown at this stage. In

particular, one has:

FM
E = F̂

M

E,d + LE
˙̃WM

E (21)

where F̂E,d is due to the additional loading and to the previous approximation to

the solution, and LE is a linear operator which can be interpreted as a homogenized

behavior operator over the time-space substructure [0, T ] × ΩE . This operator can be

calculated by solving a set of micro problems over [0, T ] × ΩE in which one takes

successively for
˙̃WM

E the macro basis functions of WM
E . The calculation of those

operators can be driven in parallel in space as well as in time.

4.3.2 The macro problem defined over [0, T ] × Ω

The macro problem defined over the entire time-space domain [0, T ] × Ω is:

Find ( ˙̃WM , FM) which verifies :

• the admissibility of the Lagrange multiplier
˙̃WM ∈ WM?

ad

• the admissibility of the macro forces F ∈ Fad

• the homogenized behavior (21)

(22)

Introducing (21) into the admissibility condition of the macro forces (18), and using

the micro-macro uncoupling property (13), one has:

∀ ˙̃WM? ∈ WM?
ad ,

∑

ΩE⊂Ω

{
∫

[0,T ]×∂ΩE

˙̃WM?
E · (F̂

M

E,d + LE
˙̃WM

E )dSdt

−

∫

[0,T ]×ΦE2

˙̃WM?
E · F ddSdt

}

= 0 (23)

which corresponds to the resolution of a homogenized problem over the whole struc-

ture.
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4.3.3 Resolution of the linear stage

The resolution of the linear stage proceeds as follows: first, one solves a set of micro

problems, each defined over [0, T ] × ΩE , in which one takes into account only the

data ŝE of the previous stage. This leads to s
(1)
E . Then, one solves the macro problem

defined over [0, T ] × Ω, leading to
˙̃WM . Finally, in order to obtain s

(2)
E , one solves a

second series of micro problems with the Lagrange multiplier as the only data.

Since the macro mesh is defined in time and in space, the micro problems are

independent not only from one substructure to another, but also from one macro time

interval to another.

4.4 Convergence of the algorithm

Since the reference solution sref is the intersection of Γ and Ad, the distance between

ŝn+1/2 and sn is a good error indicator to verify the convergence of the algorithm. The

simplest measure of this distance is:

η =
‖ŝn+1/2 − sn‖
1
2
‖ŝn+1/2 + sn‖

(24)

with:

‖s‖2 =
1

2

∑

ΩE⊂Ω

∫

[0,T ]×ΩE

(1 −
1

T
)(ėpE ◦ H

−1
ėpE + fE ◦ HfE)dΩdt (25)

Finally, the algorithm can be summed up as follows:

Algorithm 1: Algorithm of the strategy ( // =parallel stage)

Initialisation: s0 ∈ Ad

for n = 1 to nmax do
Local stage

// • Local problems on the substructures ΩE

// • Local problems on the interfaces ΓEE′

Linear stage

// • Linear problems defined on ΩE × [0, T ]

• 1 macro linear problem defined on ΩE × [0, T ]

// • Linear problems defined on ΩE × [0, T ]
Error indicator

end

4.5 Scalability

Let us remind that Spaces WM
E and FM

E can be chosen arbitrarily. In the aim of being

numerically scalable, we classically use a space macro basis which allow to extract
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the linear part of the interface forces and displacements. This choice has a strong

mechanical meaning, since the macro part of the effort includes the resultants forces

and moments. Then the micro complements, thanks to the Saint Venant’s principle

only have a local effect. With such a choice, the resultants of the forces are in equi-

librium through the whole structure at each iteration thanks to the resolution of the

macro problem. Then the micro complement is localized on the neighborhood of the

interface. This property reduces the dependences between the micro problems on each

substructures.

64 substructures16 substructures4 substructures

Figure 4: Three different decompositions of the problem

To examplify the scalability property, let us consider an example of a 2D viscoelas-

tic heterogeneous structure clamped at the bottom and subjected to a traction force at

the top. We study the influence of the number of substructures on the convergence

rate of the strategy. Three different decompositions are given in Figure 4. In space,

the macro basis is made of four functions—two translations, one rotation and one

extension for the displacement;two resultants forces, one resultant moment, and one

extension for the forces— In time, the micro and macro scales are chosen, in this case,

to be the same.

0 5 10 15 20 25 30
10-3

er
ro

r 
in

d
ic

at
o
r

iterations

10-2

10-1

64 substructures

4 substructures

16 substructures

Figure 5: Convergence rates corresponding to the three different decompositions

10



On Figure 5 we represent the evolution of the error indicator η of the strategy

throughout the iterations of the algorithm. One can notice that the three decomposi-

tions drive to the same convergence rate. This property, associated with the fact that

almost every stages of the strategy are parallel—except for the macro problem, which

is reduced on a few degrees of freedom (DOFs) by interfaces—allow us to say that the

strategy is scalable. Efficiency and speedup only depend on the computation cost of

the macro problem compared to the cost of the resolution of the set of micro problems.

According to our tests, the resolution of the macro problem is often cheap compared

to the one of the micro problems. However, if the number of macro time-space sub-

structures is large, an approximation technique based on the introduction of a third

scale can be used [11]. The macro problem can also be parallelized, for an optimal

efficiency.

Concerning time aspects, in some cases, non-full scalability has been noticed. A

technique based on macro time base enrichment is in progress.

4.6 Example

Let us consider the 3D problem of a composite structure containing cracks (see Fig-

ure 6(a)). The structure is clamped at the bottom and subjected to forces F 1, F 3 and

F 3 (see Figure 6(b)). The overall dimensions are 120 × 120 × 20 mm, and the time

interval being studied is T = 10 s. The cracks are described using unilateral contact

with Coulomb friction characterized by Parameter f = 0.3.

F1

F2

F3

(a) Geometry and loading

0 1 2 3 4 5 6 7 8 9 10
0

1
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E
v
o
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ti
o
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 o

f 
th

e 
lo

ad
in

g
 /

M
P

a

F1

F2

F3

(b) Loads F
1
, F

3
and F

3

Figure 6: Description of the problem

The structure consists of two types of cells: Type-I cells are homogeneous, made of

Type-1 material; Type-II cells consist of a matrix of Type-1 material with inclusions of

Type-2 material. Type-1 and Type-2 materials are viscoelastic and their properties are

given in Table 1. The corresponding constitutive relations are ε̇p = Biσ = 1
ηi

K
−1
i σ.
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Material Type-1 Type-2
Young’s modulus E1 = 50 GPa E2 = 250 GPa

Poisson’s ratio ν1 = 0.3 ν2 = 0.2
Viscosity parameter η1 = 10 s η2 = 1000 s

Table 1: Material properties

The problem was divided into 351 substructures and 1,296 interfaces as shown on

Figure 7, each substructure corresponding to one cell. On the microlevel, Type-I and

Type-II substructures and interfaces were meshed with 847, 717 and 144 DOFs re-

spectively. The macro part consisted of a single linear element with only 9 DOFs

per interface. With respect to time, the microlevel was associated with a refined dis-

cretization into 60 intervals using a zero-order discontinuous Galerkin scheme, and the

macrolevel was associated with a coarse discretization into 3 macro intervals using a

second-order discontinuous Galerkin scheme.

Interface
Type-I

substructure

Type-II

substructure

Figure 7: Decomposition and microscale discretizations in space

Since, here, the state evolution law is linear, the search direction chosen for the

substructures was H = B. The characteristic length of the interfaces being LE =
4 mm, we chose for all the interfaces the search direction h = hI, where h = LE

E1ν1

is

a constant scalar.

Figure 8 shows the evolution of the error indicator η throughout the iterations. One

can observe that the algorithm converges rapidly toward an accurate solution (1% error

after 12 iterations).

An example of the micro/macro description of the solution is given in Figure 9.

Figures 9(a) and 9(b) show the evolutions of Force F and its macro part FM respec-

tively at time t = 2/3T over a horizontal line L1 in the heterogeneous part of the

structure, and as functions of time at a point P1 of the previous line. Figures 9(a) and

9(b) show the same evolutions for Displacement W and its macro part WM .

One can observe that the macro part of the quantities being considered constitutes

a good average approximation of the solution, obtained with only a very small number

12
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Figure 8: Convergence of the method

of basis functions (27 DOFs per interface and per macro interval). The choice of such

a basis leads to the resolution at each iteration of a macro problem with a strong me-

chanical meaning and with only a few DOFs (in this example, 35,000 DOFs compared

to 270,000 DOFs for the assembled reference problem).
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Figure 9: Micro/macro description of the solution
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5 The new radial time-space approximation

Throughout the iterative process, one has to solve for each of the substructures a set

of micro problems defined on [0, T ] × Ω, which can can vary only slightly from an

iteration to the other. The standard methods do not take advantage of this property,

therefore their costs can be prohibitive. This is what led the development of what we

call the “radial time-space approximation”.

The radial time-space approximation was introduced by Ladevèze in (see [9], and

also [18]) and is part of the LATIN method. The basic idea consists in approximating

a function f defined over the time-space domain [0, T ]×Ω by a finite sum of products

of time functions λi by space functions Λi:

∀(t,M) ∈ [0, T ] × Ω, f(t,M) :
∑

i

λi(t)Λi(M) (26)

where the products λi(t)Λi(M) are called “radial time-space functions”. It is impor-

tant to note that this is not a spectral decomposition because neither the λi nor the Λi

are known a priori.

5.1 Rewriting of a micro problem over [0, T ] × ΩE

In this part, we rewrite the linear stage as a problem of minimization, in which the

approximation will be introduced.

For each [0, T ] × ΩE , the search direction (16) can be interpreted as a linear con-

stitutive relation. Thus, an equivalent formulation consists in minimizing the global

constitutive relation error in A
?
dE , which is defined over the time-space substructure

[0, T ]×ΩE . Then, the linear stage consists in finding sE,n+1 ∈ AdE which minimizes

the constitutive relation error e2CR,E(sE,n+1−ŝE,n+1/2) = e2CR,E(DsE) associated with

the search direction, defined by:

e2CR,E(DsE) = ‖DėE − HDfE‖
2
H,E +

∥

∥

∥
DẆE + hDFE

∥

∥

∥

2

h,E
(27)

where the corresponding norms are:

‖�‖2
H,E =

∫

[0,T ]×ΩE

(1 −
t

T
)� ◦ H

−1
�dΩdt (28)

and:

‖�‖2
h,E =

∫

[0,T ]×∂ΩE

(1 −
t

T
)� · h−1

�dSdt (29)

Let us notice, that if we find an approximation of this problem, the only equation

that will not be exactly verified is the search direction which is a parameter of the

method, and which has an effect on the convergence rate only. According to our test,

even with a coarse verification of the search direction, the effect on the convergence

rate is rather slight.
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5.2 Introduction of the approximation

The solution of the linear stage at iteration n + 1 can be written as an incremental

correction ∆s to the previous approximation sn, namely sn+1 = sn + ∆s. Knowing

sn, at Iteration n+1, we choose to compute the approximation of Correction ∆s only.

The choice of the approximation presented herein is an improvement over the ver-

sion introduced in [12]. The starting point is the introduction as unknowns of the

radial time-space approximations of the corrections related to the inelastic strain and

to the additional internal variables:

∆εpE(t,M) =

p
∑

k=1

ak(t)Ek
p(M)

∆XE(t,M) =

p′

∑

k=1

bk(t)Dk(M)

(30)

Using the E-admissibility conditions, one determines the other quantities of inter-

est in terms of the previous unknowns:

(∆εE,∆WE)(t,M) =

p
∑

k=1

ak(t)(Ek, Zk)(M)

(∆σE,∆FE)(t,M) =

p
∑

k=1

ak(t)(Ck, Gk)(M)

∆YE(t,M) =

p′

∑

k=1

bk(t)Rk(M)

(31)

where the space functions are linked by the relations:

E
k = E

k
p + K

−1
C

k and R
k = ΛD

k (32)

and the space operators are defined through standard finite element approximation

over the space domain ΩE .

Compared to the previous version of the radial loading time-space approximation,

we obtain the same quality of approximation with only half the number of time func-

tions.

5.3 Definition of the best approximation

In order to solve (27), the idea is to seek minima alternatively with respect to time

(which leads to a system of differential equations) and to space (which leads to a

few “spatial” problems). Since the construction of the space functions is by far the

most expensive step of this process, it is advantageous to store and reuse these func-

tions. Thus, the space functions constructed up to Iteration n are reused systematically

during Iteration n + 1. Let us note that a reduced basis can be shared by several sub-

structures if these substructures are similar.
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5.4 Practical resolution technique

Let us assume that we are dealing with Iteration n+1 and that we have at our disposal

a reduced basis made up of the space functions {(Ek
p,D

k)}k=1,...,m for the approxima-

tion of the corrections related to the inelastic strain ∆εpE and to the additional internal

variables ∆XE . The space functions related to the other quantities ∆εE , ∆WE , ∆σE

and ∆FE are also considered to be known.

Step 1: use of the reduced basis. One introduces the approximation into the con-

stitutive relation error (27) where only the time functions are the unknowns. In other

words, one seeks the best combination of the reduced basis of space functions which

minimizes the constitutive relation error. These time functions verify a linear differ-

ential equation in time with conditions at t = 0 and t = T , whose solution is obtained

classically. This is generally a rather small system. If the value of the constitutive

relation error is small enough, one stops the process and selects the approximation

obtained. Otherwise, one proceeds to Step 2.

Step 2: adding new functions. The previous approximation is considered to be

known, and a new pair of time and space function is sought. One seeks a minimum

alternatively over the time functions and the space functions. The minimization with

respect to the space functions is standard, with twice the size of a classical finite

element calculation, and which can easily be turned into the resolution of only a few

sub-resolutions of classical finite element calculations, what is done in practice. The

minimization with respect to the time functions leads to a differential equation with

conditions at t = 0 and t = T , which can be easily solved using a standard technique.

In practice, one stops after 1 or 2 subiterations.

6 Conclusions

The multiscale computational strategy with space and time homogenization was pre-

sented. The efficiency and the scalability of this approach make it well suited for

parallel computing. The choice of macro basis has proved to be relevant. To extend

the full scalability when micro and macro time are very different, a dedicated tech-

nique is under development. A new radial approximation technique for the resolution

of the micro problems of the multiscale strategy has also been presented. This new

technique involves the computation of approximately half the number of time func-

tions needed by the previous approach. This technique not only reduces the number

of computation of time functions, but increases its robustness. It also leads to the con-

struction of a relevant basis of space functions, that can be reused along the iterations

of the strategy. This new technique was implemented in a 3D viscoelastic code and

mixed with the multiscale computational strategy.
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